Abstract. The equation of state and the stability of the helium-molecular hydrogen mixture at cryogenic temperature up to moderate pressure are studied by means of current molecular physics methods and statistical mechanics perturbation theory. The phase separation, segregation and hetero-coordination are investigated by calculating the Gibbs energy depending on the mixture composition, pressure and temperature. Low temperature quantum effects are incorporated via cumulant approximations of the WignerKirkwood expansion. The interaction between He and H2 is determined by Double Yukawa potentials. The equation of state is derived from the hard sphere system by using the scaled particle theory. The behavior of the mixture over a wide range of pressure is explored with the excess Gibbs energy of mixing and the concentration fluctuations in the long wavelength limit. The theory is compared to cryogenic data and Monte-Carlo calculation predictions. Contrary to previous similar works, the present theory retrieves the main features of the mixture below 50 K, such as the critical point and the condensation-freezing curve, and is found to be usable well below 50 K. However, the method does not distinguish the liquid from the solid phase. The binary mixture is found to be unstable against species separation at low temperature and low pressure corresponding to very cold interstellar medium conditions, essentially because H2 alone condenses at very low pressure and temperature, contrary to helium. 
Introduction
Studying the mixing behavior of helium ( 4 He) and molecular hydrogen ( 1 H 2 ) forming a binary system over a wide range of conditions is extremely important for astrophysical purposes in view of the ubiquity of this mixture in the Universe. As by-product, such as study is also of interest for industrial applications that need to extend the conditions accessible on Earth. The present work is a contribution to understand the stability of this important cosmic mixture in cryogenic conditions well below 100 K and for a pressure range going from 0 to a few kbar, therefore including in particular conditions found in the cold interstellar gas.
This work was motivated by the necessity to predict the behaviour of this mixture in conditions that are not easily observable yet, but that might be reached in cold molecular clouds far from excitation sources, such as those in outer galactic disks. Almost all earlier similar studies about the equation of state of He and H 2 have been focused on high temperature and high pressure conditions suited for planetary and stellar interiors (e.g., [1] ).
The mutual solubility of a binary mixture with respect to the conditions of composition, temperature, pressure a e-mail: yasser.safa@unige.ch and density is also of interest for non-astrophysical applications. For example, in metallurgy a fine dispersion of a phase during a melting process results in a significant improvement of the mechanical properties of materials as well as in the production of electrically and thermally wellconducting devices.
Generally, there are two distinct classes of mixtures according to their deviations from Raoult's law (i.e., the additive rule of mixing): a positive deviation corresponds to a segregating system, and a negative deviation corresponds to a short-ranged ordered alloy. The extreme deviations from Raoult's law may lead to either phase separation or compound formation in the binary system. In this work we examine such a deviation as it reflects the energetic and structure of constituting atoms. We use the excess Gibbs energy of mixing G xs M to evaluate the degree of segregation and the degree of miscibility of the binary mixture.
For metallurgic applications the present work may be helpful since, to our knowledge, very little studies have been carried out for the treatment of liquid alloys exhibiting segregation (like atoms tend to be as nearest neighbors) see Singh and Sommer [2] .
The idea of representing a liquid by a system of hard spheres was originally proposed by Van Der Waals [3] ; his 338 The European Physical Journal B classical equation of state, which accounts qualitatively for the prediction of condensation and the existence of a liquid-vapour critical point was derived using essentially such a simple representation. In the case of a He-H 2 mixture a complication arises from the slight non-sphericity of H 2 . In order to overcome this difficulty, following Ali et al. [4] , we make use of the shape factor for the treatment of the model as a hard convex body derived from the hard spheres system. The application of such a tool, which is based on the scaling theory as proposed by Largo and Solana [5] , is an advanced method for dealing with the nonsphericity of the constituents.
Until recently, most equations of state (EOS) have resulted from mathematical approximations of experimental data without a more fundamental theoretical basis. The strong point of the method adopted here is that the relation between pressure, temperature, density and concentration of components is derived from the sole knowledge of the intermolecular potentials. To describe the intermolecular repulsive and attractive interaction, we use the double Yukawa potential (DY) which provides an accurate analytical expression for the Helmholtz free energy.
When dealing with light species such as He and H 2 at low temperature, we need to take into account quantum mechanical effects. Both He and H 2 have 2 protons and 2 electrons: at first sight He appears just somewhat heavier than H 2 . However the quantum rules and shapes related with the electronic orbitals change completely the macroscopic properties at low temperature. Below a few K, H 2 can condense even at very low pressure, while He remains fluid at normal pressure down to 0 K. Ali et al. and others have used the Wigner-Kirkwood expansion (see [4] ) to take into account to first order quantum effects of such a system. But after having checked and compared with experimental thermodynamical properties, we found that the Wigner-Kirkwood expansion diverges at temperatures below 50 K even if we extend the quantum correction to second order. To be able to reach at least the critical point of H 2 at 33 K, we searched in the literature for other methods and found the approach of Royer [6] adapted to our need. Quantum contributions are described via a renormalized Wigner-Kirkwood cumulant expansion around 0 K, which is well adapted for our objective to describe the mixture also well below the critical temperature, down to about the cosmic radiation background temperature of 2.73 K.
The paper is organized as follows: In this Section we have introduced the motivations for undertaking this work as a contribution in the study of the interstellar medium. In Section 2, we present the hypotheses on which our model is based, and we mention the related investigations that we are aware of already handled by other authors. In Section 3, we describe the intermolecular potential and the justification of the Double Yukawa potential to describe repulsive and attractive effects at the molecule level. The aim of Section 4 is to introduce the formulation of the Gibbs and Helmholtz energy via an analytical description based on the intermolecular potential and the diameter of hard spheres. Section 5 deals with the equation of state, derived from the different contributions of the Helmholtz energy. In Section 6, we treat the phase stability of the mixture through the Gibbs energy. In Section 7, we introduce the major results of this study and some related discussion. Finally, the principal conclusions and perspectives corresponding to this work are summarized in Section 8.
Preliminary considerations
In this section we present the basic hypotheses for our study. We mention several related investigations handled by previous authors, in order to put this study in the context of other related researches.
Our model is based on the following hypotheses: -The inter-molecular potential model used to describe the pairwise interaction of constituent species is the spherically symmetric pair potential containing a short range repulsion and a long range attraction components. -The model of hard convex body is used to represent the geometry of the species in the mixture, it is derived from the hard sphere system based on the scaled particle theory SPT see [7] . A system of hard spheres represents the simplest realistic prototype for modeling the vapor-fluid phase separation in such a mixture. -The mixture is considered as a pure neutral molecular phase, since we have a region of temperature T well below 1000 K and pressure P below 1 Mbar. In such conditions, molecular dissociation and ionization by pressure are not expected to occur. For details on the ionized plasma of the helium-hydrogen mixture at high pressure, see [8] . At low temperature and moderately low pressure, the transition from a molecular phase to an atomic phase (H 2 2 H) is not expected, further the presence of He stabilizes the molecules in the mixture as shown in [9] . In interstellar conditions neutrality is not always granted due to the frequent presence of ionizing and dissociating radiations allowing the coexistence of H and H 2 . However, in "dense" molecular clouds (n > 10 3 cm −3 , 3 < T < 50 K, still much less dense than the best industrial vacuum) almost all H is converted into H 2 , so the He-H 2 mixture is the relevant one there. -For P bellow 1 Mbar, the molecular-metallic transition is not reached. 
